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Abstract. We obtain closed formulas, in terms of Littlewood-Richardson 
coefficients, for the canonical basis elements of the Fock space represen- 
tation of Uv{sls) which are labelled by partitions having 'locally small' 
e-quotients and arbitrary e-cores. We further show that upon evalua- 
tion at « = 1, this gives the corresponding decomposition numbers of 
the g-Schur algebra in characteristic / (where g is a primitive e-th root 
of unity if / 7^ e and q — 1 otherwise) whenever I is greater than the size 
of each constituent of the e-quotient. 



1. Introduction 



In the course of investigating the truth O pBroue^SjjA^belian defect group 



iiqu 

conjecture for symmetric groups, Rouquier [13 smgled out a special class 
of blocks of symmetric groups which he believed to have good properties. 
These blocks, and their corresponding blocks of the Iwahori-Hecke algebras 
(of type A) and the g-Schur algebras, are now known as Rouquier blocks, 
fl^d arc wcllam^Bjgtood, by the works of several authors (see, for example, 
tt) ISi' [|iI2ii"nJlV^T^ III particular, there exist closed formulas, in terms of 
Littlewood-Richardson coefficients, for the decomposition numbers of these 
blocks when they are of Abelian defect'. 

These formulas coincide with those for the f-decomposition numbers aris- 
ing from the canonical basis of tl^jje Fock space representation of [/^(sle) ob- 
tained by Leclerc and Miyachi upon evaluation at v = 1. In fact, such 
formulas for the f-decomposition numbers hold not only for the Rouquier 
partitions — the partitions indexing the simple modules of Rouquier blocks. 
As shown by Chuang and the author \7~ whenever k is an e-core partition 
of Rouquier type — one having an abacus display in which the number of 
beads on each runner is non-decreasing as we go from left to right — then 
the formulas hold for the canonical basis element labelled by any partition 
lying in the class of e-regular partitions having e-core k and 'locally 
small' e-quotients. 

However, this larger class of partitions is unsatisfactory for the following 
reasons: 

• It does not contain any e-singular partition. 

• It is not closed under the Mullineux involution /i 1-^ ^u*; i.e. fj, £ 
does not imply that /i* G V^,' (even though, as shown in Proposition 
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llci.Yl that if the formula holds for the canonical basis element labelled 
by fj,, then it also holds for that labelled by fi*). 
• K is not arbitrary. 

We address all the above shortcomings in the first part of this paper. Our 
class P*, consisting of partitions having e-core k and 'locally small' e- 
quotients (though our definition of 'locally small' is different from that for 
Vk), is defined for all e-core partitions k, is closed under the Mullineux in- 
volution, and consists of e-singular partitions as well. Furthermore, if k is 
of Rouquier type, then is a proper subclass of V*. 

In the second part of this paper, we show that, upon evaluation at v = 1, 
our formula for the canonical basis element labelled by a partition /i € Pj! 
gives the corresponding decomposition numbers of the (/-Schur algebras in 
characteristic I (where q is a primitive e-th root of unity if / 7^ e, and ^ = 1 
otherwise) whenever / is larger than the sizes of each constituent of the e- 
quotient of fi. This thus includes cases where the blocks, in which the simple 
modules labelled by such partitions lie, are not of 'Abelian defect'. 

The paper is organized as follows: we begin in section 2 with a short ac- 
count of the background theory which we require. In section 3, we introduce 
the notations used in this paper, and state the main theorem. Sections 4 
and 5 are devoted to the proof of the main theorem. 

2. Preliminaries 

In this section, we give a brief account of the background theory we re- 
quire, and introduce some notations and conventions which will be used in 
this paper. From now on, we fix an integer e > 2. 

2.1. Partitions. Let Vn be the set of partitions of a natural number n, and 
denote the lexicographical ordering and dominance ordering on Vn by > and 
> respectively. Write V = U„ Vn for the set of all partitions. 

Let A = (Ai, A2, . . . , As) be a partition, with Ai > A2 > • • • > A^ > 0. 
We write |A| = Yli=i '^j K^) — ^- The conjugate partition of A will be 
denoted as A'. ^ 

The James e-abacus (see, for example, Igl Section 2.7]) has e runners, 
numbered to e — 1 from left to right, and its positions are numbered from 
left to right and down the rows, starting from 0. Any partition may be 
displayed on such an abacus; this display is only unique when the number of 
beads used is fixed. In this paper, if A is a partition with e-core k, we shall 
always display A on an e-abacus with 1(k) + Ne beads for sufficiently large 
A^, and denote its e-quotient by (A'^, A^, . . . , A"~^), where A* is the partition 
read off from runner i of the abacus display of A. Define the e- weight of a 
bead in the abacus display of A to be the number of vacant positions above 
it in the same runner. The e-weight of a runner is the sum of e-weights of 
all the beads in the runner, and the e-weight of A is the sum of e-weights of 
all the beads in the abacus display of A. 

li s + t = r and a ^ Vg and f3 ^ Vt, let c^^ denote the multiplicity 
of the ordinary irreducible character of the symmetric group 6r in the 
induced character Indg''^g (x° <X) x^)- We refer the reader to ^Bj\ 1.9] for a 
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combinatorial description of c^^ , which is known as a Littlewood- Richardson 
coefficient. By convention, we define c^^ to be when |A| 7^ |a| + 

2.2. The Fock space representation. The algebra Uy{5le) is the associa- 
tive algebra over C(v) with generators e^, fr, kj.. (0 < r < e — 1), d, 

|r.eclerc2 ^ 

subject to some relations (see, for example, [X"'§^I^ An important U^lsle)- 
module is the Fock space representation J^, which as a C(v)-vector space 
has V as a basis. For our purposes, an explicit description of the actions of 
er and fr will suffice. 

Display a partition A on the e-abacus with t beads, where t > Z(A) and 
e f (r + t). Let i be the residue class of (r + t) modulo e. Suppose there 
is a bead on runner i — 1 whose succeeding position on runner i is vacant; 
let // be the partition obtained when this bead is moved to its succeeding 
position. Let A^>(A,//) (resp. A^<(A,//)) be the number of beads on runner 
i — 1 below (resp. above) the bead moved to obtained ^ minus the number 
of beads on runner i below (resp. above) the vacant position that becomes 
occupied in obtaining /i. We have 

e,(.(^)) = j;t;-^<(^'^).(A), 

A 

where ^ in the first sum runs over all partitions that can be obtained from A 
by moving a bead on runner i — 1 to its vacant succeeding position on runner 
i, while A in the second sum runs over all partitions that can be obtained 
from fi by moving a bead on runner i to its vacant preceding position on 
runn^^ — 1. 

In Ij^j, Leclerc and Thibon introduced an involution x i-^x on J^, having 
the following properties (among others): 

a{v)x = a{v~^)x, er{x) = er{x), fr{x) = fr{x) (a G C{v), x G !F). 

For k eZ+,we write [k]\ = Hti ^Jf^, and let ei'"'^ = e';/[k]\ and /i^'^ = 

f^/[k]l. Note that ei''\x) = ei''\x) and fj:''\x) = ff\x). There is a 
distinguished basis {G{(t) \ a ^Tj^ of called the canonical basis, having 
the following characterization ([|^'~Theorem 4.1]): 

(1) G{a) — a € vL, where L is the Z[u]-lattice in generated by V. 

(2) Gi^=Gia). 

The ^-decomposition number d\a{v) is defined the coefficient of A in G{a); 
these numbers enjoy the following property: 

Theorem 2.1 (u , Theorem 9, Proposition 11, Corollary 14]). We have 

daa{v) = 1, 

d\a{v) G fNoH for all A 7^ o". 

Furthermore, d\(j{v) ^ only if a > X and A and a have the same e-core. 

There is an involution /u 1— > /u*, known as the Mi^jlingu^ involution, on 
the set of e-regular partitions (see, for example, fil , page 120]). The v- 
decomposition numbers dx^{v) and dy^* (v) are related in the following way: 
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Theorem 2.2 (ipT?heorem 7.2]). We have dyf,*{v) 
w is the e-weight of (j,. 



v^dx^{v ^) where 



The partition fi*' can be characterized in the following way using the 
?;-decomposition numbers. 

[T.T.Tl 

Theorem 2.3 (rerCorollary 7.7]). We have d^*i^{v) = , where w is the 
e-weight of ji, and degdxfj,{v) < w for all A 7^ /.i*'. 

2.3. g-Schur algebras. Let F be a field of characteristic /, and let q £¥* he 
such that e is the least integer such that 1 + q + . . . + q^~^ = 0. The g-Schur 
algebra Sf,q{n) = Sf^q{n,n) over F has a distinguished class {A'^ | // G Vn} 
of right modules called Weyl modules. Each A'^ has a simple head L^, and 
the set {L^ \ fj, G Vn} is a complete set of non-isomorphic simple modules 
of 5F,q(n). The projective cover P'^ of L'^ (or of A'^) has a filtration in 
which each factor is isomorphic to a Weyl module; the multiplicity of A^ 
in such a filtration is well-defined, and is equal to the multiplicity of as 
a composition factor of A'*'. We denote this multiplicity as d^^, which is a 
decomposition number of S^^q{n). 

The decomposition numbers in characteristic / and those in characteristic 
are related by an adjustment matrix Ai: let Di = ((i^^)A,^g-p„, then Di = 
DqAi. Furthermore, the matrix Ai is lower unitriangular with nonnegative 
entries when the partitions indexing its rows and columns are ordered by a 
total order extending the dominance order on Vn (such as the lexicographic 
order). As a consequence, we have 



Lemma 2.4. 



The link between the ?;-decomposition numbers of the Fock space and the 
decomposition numbers of g-Schur algebras is established by Varagnolo and 
Vasserot: 



Theorem 2.5 (ft). 



d%- 



Thus the canonical basis vector G(/i) of T corresponds to the projective 
cover of g-Schur algebras, while the standard basis element A of cor- 
responds to the Weyl module A'^. Under this correspondence, the action of 
Sr,fr £ ^g^Ws^^^ corresponds to r-restriction and r-induction (see, for 
example, 1X11 b.^)~of modules of g-Schur algebras. 

2.4. Jantzen order. Let A be a partition, and consider its abacus display, 
with k beads say. Suppose in moving a bead, say at position a, up its 
runner to some vacant position, say a — ie, we obtain (the abacus display 
of) a partition /i. Write Ix^ for the number of occupied positions between 

a and a — ie, and let hxf_i = i. Also, write A r if the abacus display of /i 
with k beads is also obtained from that of r by moving a bead at position 
b to b — ie, and a < b. Thus if A r, then the abacus display of r with k 
beads may be obtained from A in two steps: first move the bead at position 
a to position a — ie (which yields the abacus display of /i), and then move 
the bead at position b — ie to position b. ^, „ , 

The Jantzen sum formula (see, for example, Ijli. b.32]) provides an upper 
bound for the decomposition numbers, and may be stated as follows: 
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T : Jantzen Theorem 2.6. Let A and /x be distinct partitions, and let 

where the sum runs through all r and a such that X t, and where vi 
denotes the standard l-valuation if I > and i'o{x) = for all x. Then 
d-xij, < Jxn, and d{^ = if and only if J\^ = Q. 

We write A ^ r if there exists some ji such that A r. We further write 
A <j a (or a >j A) if there exist partitions tq, . . . , such that tq = A, 
Tr = a and Tj-i Ti for all i = 1, . . . , r. It is clear that >j (which means 
>j or =) defines a partial order on the set V of all partitions, and that if 
A >j jU, then A and fi have the same e-core and e-weight. Furthermore, the 
dominance order extends >j. 

The Jantzen sum formula motivates the study of <j, as it provides this 
easy consequence. 

Lemma 2.7. Suppose ^ 0. Then X <j fi. 

Thus, if A fi, then = 0. Unfortunately, it is not easy to determine 
by inspection if A ji. To this end, we introduce another partial order >p. 

Let A be a partition, and suppose that when displayed on an e-abacus with 
N beads, the beads having positive e-weights are at positions oi, 02, . . . , a,., 
with say the bead at position having e-weight Wi. The induced e-sequence 
of A, denoted s(A) = s{X)n, is defined as 

r 

\_\{ai,ai - e, . . . ,ai - {wi - l)e), 

i=l 

where {bi,b2, ■ ■ ■ ,bs)\J{ci,C2, . . . ,ct) denotes the (unique) weakly decreasing 
sequence obtained by rearranging the terms in the sequence {bi,b2, ■ ■ ■ ,bs,ci,C2, ■ 

Example. Let A = (6,6,5,4). Its 3-abacus display with 6 beads is 



L: J 



,ct ■ 



L:ez2 



Thus s(A)6 = (11, 8) U (10, 7) U (8, 5) U (6) = (11, 10, 8, 8, 7, 6, 5). 
We record some basic properties of induced e-sequences. 

Lemma 2.8. Let X be a partition. We have 

(1) s(A) G Nq where w is the e-weight of X; 

(2) if Alj and nij denote respectively the largest occupied position and 
least vacant position on runner j of the abacus display of X, and 
s{X) = {li,l2, ■ ■ ■ ,lw), then Mj = maxj{/j \ li = j (mode)} and 
ruj = minjjZj \ li = j (mod e)} — e whenever runner j has positive 
e-weight. 

(3) if ji is the partition obtained by moving a bead in the abacus display 
of X (with N beads) from position x to position x — ie, then s(A)jv = 
s(/x) jv U (x, a: — e, . . . , X — (z — l)e) . 



6 



KAI MENG TAN 



L : Jimplyp 



The partial order >p on the set of partitions is defined as: A >p if and 
only if A and fi have the same e-core and the same e- weight, say w, and 
■s(A)Ar > s(/x)Ar (for sufficiently large N) in the standard product order on 

Lemma 2.9. //A <j then A <p 



Proof. It suffices to prove that A <p /i when X ^ fi. But if A 
there exists integers i,x,y with i > 1 and < x < y such that 

s(A) = s(r) U {x , X — e, . . . , X — {i — l)e), 

s(^) = s(t) L\{y,y-e,...,y-{i- l)e), 



/i, then 



by Lemma IL!.<Si ;i). Thus, s(A) < in the product order. 

3. Setup 



□ 



In this section, we set up the notations which shall henceforth be used in 
this paper and state the main theorem. We devote the next two sections to 
the proof of the main theorem. 

We shall consider partitions with a fixed e-core, say k. We display all 
these partitions on an abacus with +Ne beads, where is 'sufficiently 
large'. For each < z < e, let Ui be the number of beads on runner i of 
such an abacus. Define ~< {=~<k) as follows: i ^ j if and only if any of the 
following holds: 

• m < Uj, or 

• m = Uj and i < j. 

We note that ^ is independent of N, and is a partial order on {0, 1, . . . , e— 1}. 
Furthermore, as the abacus has 1{k) + A^e beads, we have no < Ui for all 
< i < e, so that is the minimal element with respect to ^; we denote 
the maximal element by M. 

For i ~< M (which means i ^ M and i ^ M), define i"*" as the least (with 
respect to ^) k such that i ^ k, and for -< j, define j~ as the largest (with 
respect to ^) such that k ~< j. 

For < i < e, define 



di 



1, 



if i- 
if i- 



> i. 



Let vr be defined recursively as follows: 7r(0) = and 7r(i+) = 7r(i) + 1 
for all -< i ^ M. Thus, vr is permutation on the set {0, 1, . . . , e — 1}, and 
Tr{i) < -K{j) if and only if i ^ j. 

When there is a need to indicate the e-core k for which ^, M, i^, di and 
vr are defined, we will include subscript or superscript; we thus have 

:<^, M^, df and tt^. 

The following Lemma is clear. 

Lemma 3.1. Let k be an e-core partition. The following statements are 
equivalent: 

(1) K has an abacus display in which the number of beads in each runner 
is non- decreasing as we go from left to right. 

(2) i ^ j if and only if i < j. 
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beadgap 



(3) i+ =i + l for oi/ < i < e - 2. 

(4) i- = i -1 for all < i < e. 

(5) 7r(z) = i for all < i < e. 

When any of these statements hold, we say k is of Rouquier type. 

We note that M^, i'^'^, df and tt^ and ^«/, M^/, i^^^-' , df and tt^' are 
related as follows: 

Lemma 3.2. Let k be an e-core partition. Let $ be the involution on 
{0, 1, . . . , e - 1} defined by ^{i) = M^^-i (mod e). Then 

(1) i j if and only if ^(j) diK' ^{i); 

(2) M« = M^,; 

(3) = $(z±-) = $(z)=F'o'; 

(4) df' 

(5) 7r„/(z) 



e - 1 - 7rK($(j)). 

Proof. This follows from the fact that an abacus display of k! may be ob- 
tained from that of k, by rotating it through an angle of tt and reading the 
occupied positions as empty and the empty positions as occupied. □ 

Given two partitions A and ^ with the same e-core, say k, and e-quotients 
(A°, . . . , A*^^-*^) and {jjP , . . . , jjf^^^) respectively, define 

<5(A,M) = E^(i)(lM^I-l^'l); 



e-l 
J=0 



,a— and/?o,...,/?^-\/3^+i,. 



where the second sum runs over all partitions a°, . . . , ^ 
and where = = /jO" . For convenience, we define Cx^ and (5(A,/x) to be 
if A and ji do not have the same e-core. 
We note the following: 

Lemma 3.3. Let /i and A be partitions with e-core k, and e-quotients {n^,/!^, . . . , 
and (A°, A^, . . . , A^'^^) respectively, such that for some partitions a°, . . . , a^"^ 
andp',...,P^-\P^+\...,/3^-\ 

i=0 

where j3^~ =(5^ = %. Then 

(1) <5(A,/x) = Eo^^^Ml/3i; 

(2) whenever x is the least vacant position on runner j, y is the largest 
occupied position on runner i, and i -< j, we have 

'{dj + 1 - _ \f,J\ _ |^.+ |)e, ifi+ = j; 

{Y.i^r<jdr + 1 - l/^i - - \^^'\ - ifi+ ■< j. 



e-l 



X 



y > 



Proof. 
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(1) Since n-=o 7^ 0, we have, for all \\^\ = |a,| + |A| 
and = 1/3*" I + \a^\, so that |A'| - = \f3^ - \f3^~\. Thus, 

<5(A,/.)=£7r(j)(|/.^|-|A^|) 
= E^(J)(I/5^"|- 1/5^1) 

e-1 e-1 

= E i/^^i- 

(2) Let Uk be the number of beads on runner k in the abacus display of 
K. Then x = {rij — l{X^))e + j, and y = {ni + X\ — l)e + i. Suppose 
i ~< j. Then 

x-y = {n,j-ni + l- 1{X^) - X[)e + {j - i) 

E K - n,-) + 1 - - Ai j e + (i - i) 
If i < j, then clearly 

> ( E 4 + 1 - /(^^) - Ai)e- 

On the other hand, if i > j, then there exists i < r < j such that 
r~ > r, so that n,. — n^- = + 1; thus 

x-y>(E4 + 2- KA^) - Ai)e + (j - i) 

> ( E '^r + 1 - /(A^) - Ai)e. 
Part (2) now follows since 

I + l/i^l + l/i-'^l, if ?;+ = j; 

|m*| + |m*+| + |m^ | + |//J'+|, if i+ ^ j. 

□ 



/(A^) + Ai < |A^| + |V| < 



Definition 3.4. Let be the collection of partitions /x having e-core k 
and e-quoticnt . . . , such that 

(1) |/x'"| + l/z^l + <c?j + l for alH = l,...,e-l, 

(2) whenever i and j (i -< j) satisfy 
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(a) l/i-^'l + Ifi^ \ = dj + 1, 

(b) \n^~\ + \^i^=di + l, 

there exists k such that i <k ^ j and dj. > 0. 
Here, |//* | (resp. |^'^|) is to be read as when i~ (resp. i^) is undefined. 

Example. Let e = 5 and k = (3,3). Then {di,d2,d3,di) = (0,0,1,0). Let 
jj, = (8, 3, 2, 1, 1, 1). Then /j, has 5-core k and 5-quotient f0, (1), 0, 0, (1)), so 
that n (^V* (but fx is not an element of Vk defined in [j2j|j. 

Remark. 

(1) As a partition having e-core k, is Rouquier if and only if its e- weight 
is not more than minjdj : 1 < i < e} + 1, we see that V* includes all 
Rougiiier partitions with e-core k. 

(2) In \2~ a collection Vk of partitions with e-core k is defined when k 
is of Rouquier type. This is a sub collection of V*. 

The partitions in "P* have the following nice property. 

Lemma 3.5. If fJ, V*, and ^ 0, then any occupied position on runner 
i of the abacus display of A is less than any vacant position on runner j as 
long as i -< j. 

fop gH gap 

Proof. This follows directly from the definition of and Lemma Iti.;-!! □ 
We now state the main theorem of this paper. 

Theorem 3.6. Let fx (^V% with e-quotient {fjP, . . . ,/x'^~^) . Then 

(1) dx,,{v) = Cx,,v'^^'^^ for all A G V; 

(2) d{^ = Ca^ for all \eV and I > maxj(|;U*|). 



We shall devote the next two sections to the proof of Theorem la.bl 
It is easy to describe the image under the Mullineux involuation of an 



i-regular partition for which Theorem 
' also holds for the image: 



holds; furthermore, Theorem 



Proposition 3.7. Suppose that an e-regular partition fi has e-core k and 
e-quotient (fjP, . . . ,fi'^~^), and that d\fj_{v) = Cxfj.v^^'^'^^ for all A G P. Then 



(1) fx^ = 0; 

(2) fx* has e-core k' and e-quotient (0, fx^^^^ , fx^^"^^ 



where ^ is the involution on {0, 1, . . . , e — 1} defined by $(z) 
(mod e); 

(3) drj,*{v) = Crj,*v^^^'''*^ for all t £V. 



<I>(e~l)+« 



.112, 



Proof. By Theorem liZ.6l u' is the unique partition such that d^*i^{v) has 
degree equals the e- weight of fx. When 0^=0 ^\ 
(3^- = 0, we have deg{dxj,{v)) = 6{X,fx) = ^ 



1 „AJ „tJ-' 



, . / with 

.o^i-<M, 1/5^1 by Lemmal 
Thus deg{dxf,iv)) = Ei=o l/^i °^'^y if W^'l' = l^^ and = for all 
^ j ^ Mk. It follows that fi° = I3°~ = 0, giving part (1). 
Furthermore, the e-quotient of fi*' equals 

(/30,/3\...,/3-i) = ((M°"^ )',(/"'=)' 

where fx'^'^'^ is to be read as 
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Now, when a partition has e-core k, and e-quotient (A'^,...,A^ ^) say, 
then its conjugate has e-core k' and e-quotient ((A**^"))', (A*^^))', . . . , (A*^^"^))'), 
where $ is the involution on {0, 1, . . . , e — 1} defined by <I>(i) = — i 
(mod e). Thus the e-quotient of n* is 

giving part (2). 

Using Theorem 12. 2( we need to show that Ca'^* = and (5(A',;U*) = 
^^Zj l/iji — (5(A, //) for part (3). Since = 0, we can simphfy the expression 
of C\^, where A has e-core k and e-quotient (A*^, . . . , A^~^), to 

/ \ 



0<i<e-l 0<j<e-l 
\ 17^0, M« jyo, 0+« , M„ 



where the sum runs over all partitions a^, . . . , a^^" a*^"^"*^, . . . , ^ and 
/?!,..., /3*^'=+\ . . . , (3"'^. Similarly, we have 

/ \ 



n ^7 5' n 

0<i<e-l 0<j<e-l 



((5^ «')'7J 



c + , c 

(!/0)'7f' 



where the sum runs over all partitions 7-*^, . . . , 7^^k'~i, 7^^'+^, . . . , ^^"2 and 
(5^, . . . , f^^"^"'"^, . . . , (5"^"^, and e-quotients of A' and fx* are denoted 

as {u^, . . . , and (0, /j^, . . . , p*^""*^) respectively. We now simplify Cy^* 

using the fact that = (A**-*-*)' and p* = for all i, and Lemma 

we have 



■PPa' 



n 



n 



0<j<e-l 



0<J<e-l 



+ / — / 



/ 



E 



n 



(A*(0)' 



n 



0<j<e-l 

/ 



0<j<e-l 



n(A')' -TT ^(J 

0<j<e-l 0<j<e-l 



^AAf«7*(M^'')^(<5*(0+''))'(A0)' 



Cau- 



When Ca^ (= C\i^*) / 0, then d\^{v) 7^ 0, so that A and /x must have the 



same e- weight, i.e. YTi=Q 1^*1 — Si=i 1/^*1 (since = 0). Using Lemma 
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■PPa' 

we Have 



e-l 



i=i 

e-l 

= (e - 1) 2 l^*^^'^^'^ I - (e - 1) E |A*(^-) I - X; nmrni^"^^^^" I " lA^^^'^ |) 
j=i j=i j=i 

= ie-l)\X^-\- Yl vr(j)(|/i^'^1 - |A^|) 

0<i<e-l 

= (e-l)|A^'=|- E vr(j)|/i^'^1+ E ^(J')!^'! 

0<i<e-l 0<i<e-l 
e-l 

= (e-l)|A^^'=|-j;(vr(i)- 1)1^^1+ vr(j)|A^| 

j=l 0<j<e-l 

e-l e-l 

i=i i=i 

e-l 

= EI/^'I-5(a,m)- 

This completes the proof. □ 

We end this section by obtaining some corol ly;iea on the e-regular parti- 
tions contained in while assuming Theorem Iti. til 

Firstly, the e-regular partitions in can be easily described: 

Corollary 3.8. Let ji G V%, with e-quotient (/i'^, . . . , Then fi is e- 
regular if and only if ^jP = 

Proof, ^impose ^ is e-regular. Then /x'^ = by Theorem and Propo- 

sition It-j.Yi 1 1. Conversely, suppose = 0. Then the least N positions on 
runner in the abacus display of fi (TOth /(^/t],^-^ A^e beads) are occupied, 
while the rest are vacant. By Lemma tl'hfrw^th z = 0), the least (iV - 1) 
positions on runner j are all occupied for all j > 0. It follows that is 
e-regular. □ 

Also, "P* is closed under the Mullineux involution: 

Corollary 3.9. Suppose n G V* is e-regular. Then ^* G P*, . 

Proof. This follows directly from Proposition ). Lemma and the 
definitions of V* and P*,. □ 



L : barinvariant 



L :messy 



P : induct 
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4. Canonical basis 

In this section, we provide the proof of part (1) of Theorem 
We begin with a reformulation of the Theorem. 

Definition 4.1. For any partition /i, let H{fi) = Y^x^'pC\fj_v^'^^'^^ X. 



Theorem 



can thus be reformulated as follows: 



If ^EP*, then G{fi) = H{fi). 



Lemma 4.2. G(/u) = -ff(^) if and only if H{fi) = H{fj,). 

Proof. Note that 6{X, fi) is always non-negative. Furthermore, C^^ 7^ and 
(5(A, /i) = if and only if A = /i, and C^^ = 1. Thus, H{fj,) — € 0;^ wZ[?;]A 
and the lemma follows. □ 

lean 

We now review the results of [2 . For an e-core partition k of Rouquier 
type, and integers a and k with 1 < a < e — 1 and A; > 1, let 



a,k 



f(fe)fW 
la la+1 



Ak) Ak) Ak) 

Te-lTa-lTa-2 



To ' 



where, if j is the residue class of i + 1{k) modulo e, then fj 
Fa,kix) for all x £ T. 



fi e U^{5ie)- 



Note that Fa^k{x) 

lean 

Lemma 4.3 (['2, Lemma 3.1]). Let k he an e-core partition of Rouquier type. 
Let X be a partition with k and e-quotient {X^, . . . ,X^~^), and consider its 
abacus display. Let Xa and ya (resp. Xa-i and ya-i) be respectively the 
least vacant position and largest occupied position on runner a (resp. a—1). 
Suppose that 

(i) Xa-i — u > e for all occupied positions u lying on a runner to the 
left of runner a — 1; 

(ii) t — ya > e for all vacant positions t lying on a runner to the right of 
runner a. 

If'^<k<{xa- ya^i - l)/e, then 

k 



Fa,kW = Y.' 



A(a,/3), 



j=0 a,f3 

where X{a, (3) denotes the partition having e-core k and e-quotient 



(A° 



A''-2,a,/3,A 



a+l 



A 



Note. If (n • 



e-l 



aJ73J''(/3J-i)'aJ' 



7^ with = /?' 



e-l 



^, then (5(A, /i) 



The proof of Proposition 4.1 of can be easily adapted to prove the 
following proposition. 

Proposition 4.4. Let k be an e-core partition of Rouquier type. Let /j, be 
a partition with e-core k and e-quotient (fjP, . . . , fi^~^), and suppose that for 
all X such that Cx^ 7^ 0, we have 

k 

Fa,kW = Y,v'Y.'^X'^~HjfUi^-n^(^'(^)- 

j=0 a,p 
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Then 



L : ez 



P : Rouq 



P: induct2 



where fj^n denotes the partition having e-core k and e-quotient 

The follo\\nn£ is a direct consequence arising from the definition of 
and Lemma Ib -SI 

Lemma 4.5. Let k he an e-core partition of Rouquier type. Let ^ ^ 



with e-quotient (/i 



Suppose 7^ for some a > 1. Let t"" he 



any partition such that \t"'\ < let r he the partition having e-core k and 



e-quotient {fi^, 
and k = — 



,,a— 1 _a ,,a+l 



, fi'^ ). Then ( 
satisfy the hypothesis of Lemmal 



A with Cxt ^ 0, a 

^ssy ' ' 



Proposition 4.6. Let k he an e-core partition of Rouquier type. Let ^ € 'P^ 
. Then G{fi) = H{^). 

Proof. We prove by induction. Clearly, G{k) = k = H{k). Let \fi\ > \k\, 
and suppose G{t) = H{t) holds for all t G V* satisfying either |r| < or 
T < II. Let (/U°, . . . , if~^) be the e-quotient of ^. 

Suppose first that there exists a > 1 such that ^ 0. Let r" be the 
partition obtained from jj,"' by removing its first column, and let r denote the 
partition having e-core n and e-qfiotient . . , /i*^"^, r", /x""^p,^^^^^'^~^). 



Let k = \iJ° 



|r"|. By Lemmas 



SSV 

and 



and Proposition 14. 4L we have 



Y.rj'^la(^ik)H{Tr,). Now, T, G V* for all 7] such that 0^,^^^^ ^ 



(ife) 



0. Furthermore, H{n) occurs exactly once as a summand of FaAH{T)) and 
all the other summands H{Tr^) satisfy < /i. Thus, Fa^k{H{T)), and all 
its summands H{Trj) with Tr^ ^ are bar-invariant by |ii;^u ct^on.h^othesis, 
and hence so is H{fi). Thus = H{fi) by Lemma kI.21 

It remains to consider the case where /i* = for all i > 0. In this 
case, H{n) = fi. Let A be a partition having e-core k and e-quotient 
(A'^, . . . , A*^"^). It is not difficult to see that if A* 7^ for some i > 0, then 
A > /i, so tjiat dxfj_{v) =0. If A* = for all i > 0, then we shall show later in 
Corollarv lb.bl that d^^ = if A 7^ /x. Since dxf^{l) = d\^ and d\^{v) G NqH, 
we thus have d\^{v) = if A 7^ ^. Hence G(/i) = = H{fj.). □ 



Proposition 4.7. Let k he an e-core partition, and for < j < e, let nj 

he the numher of heads on runner j of its ahacus display. Suppose that 
> Ui for some i >2. Given a partition A with e-core k, let ^'(A) he the 
partition ohtained from A hy interchanging the (i — l)-th and i-th runners of 
its ahacus display. Let fj, €V*. Then 

(1) 

(2) fl'^Hif,) = Hi^if,)); 

(3) ei'^Hi^i^)) = Hit,), 

where r is the residue class of 1(k) — i modulo e, and k = Ui-i — Ui. 



Proof. Part (1) follows from the definition of (and V^f^^y 
and (3), it suffices to show the following: 



For parts (2) 
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• for all partitions A with e-core k, = C,j,(;s^),i,(^) and 5{X, fi) = 
5(*(A),^(/z)); 

• whenever Cr^ 7^ 0, the largest occupied position on runner i of the 
abacus display of r is less than the least vacant position on runner 
i - 1. 

The first assertion follows from definition, while the second follows from 
Lemma t6.b\ □ 



We are now ready to prove Theorem 



Proof of Theorem Vi. hV l I- We prove by induction on N,^ = \ i < 

i) i *}|- If Nfb^ Oi then K is of Rouquier type, so that G{fj.) = H{^) 
by Proposition WkM Assume thus N,^ > 0. Then there exists 2 < i < e 
such that nj_i ^^n^ J^hpj^e, and hereaftm\ii^^l^i| proof, we keep the notations 
of Proposition la. Yjl . Bv Proposition 14. Vl 11. ^(p) € 'P^(^i^y Since A^<i,(k) < 
Nf^, we have G{'if{iJ,)) = H{'^{fi)) by induction hypothesis. By Proposition 



| P;ip rinrt9 

la.VlH I. we have H{fi) 



invariant. Hence = H{n) by Lemma 



'ian? that H{fj,) is bar- 



□ 



5. (7-SCHUR ALGEBRAS 

In this section, we provide the proof of part (1) of Theorem tj.t)! which 
may be reformulated as follows: U fi £ V* with e-quotient {fi^, fi^, . . . , 
then di = d9 for all / > maxj(|^*|). 



Definition 5.1. Let ~ be the equivalence relation defined on V as follows: 
A ~ /i if and only if A and fi are partitions having the same e-core, and 
|A*| = |//*| for alH, where (A", A-^, . . . , A"^"-*^) and (//°, /i^, . . . , /z*^"^) are the 
e-quotients of A and fi respectively. 

Definition 5.2. Let k be an e-core partition of Rouquier type. Let be 
a collection of partitions with e-core k, having the following two properties: 

(1) On the abacus display of any partition in Vk, any pair where 
X is an occupied position on runner i while y is a vacant position on 
runner j, with i < j, satisfies x < y; 

(2) If A,// E Pfi, X ^ with respective e-quotients (A°, . . . , A"^^-*^) and 



,11^ then every partition having e-core k, and e-quotient 



of the form (//",..., A^ A'^-i) (1 < i < e - 1) lies in V,,. 

L:*bar Lemma 5.3. Let k be an e-core partition of Rouquier type. Then V* satis- 
fies the two conditions ofV^. 

Proof. If fi £ V*, then /i satisfies condition (1) of Vk by Lemma lb. bl i nat 
condition (2) of V^, also holds follows directly from the definition ofV* . □ 

The following is an immediate consequence. 

L:seq Lemma 5.4. Let k he an e-core partition of Rouquier type. Let A E V^, 
and let s(A) = (ci, C2, . . . , c^i) he its induced e-sequence. Then cl > q+T for 
all 1 <i <w — 1, where x denotes the residue class of x modulo e. 

□ 



Proof. This follows from Lemma fZ.^l 'Z) and condition (1) of 
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P : nleq_p 



C:=0 



P : gen 



P : gen2 



Proposition 5.5. Let k be an e-core partition of Rouquier type. Suppose 
X, fj, £ Pk with A ~ /i. If X ^ T with A 96 r, then r fi. 



3"), there exist integers N,x,y with 



Proof. Suppose A r. By Lemma 
> 1 and < x < y such that 

s{X) = s{a) U {x, X — e, . . . , X — {N — l)e), 
s(r) = s{a) U{y,y-e,...,y-{N - l)e). 

Suppose X = i and y = j, where a denotes the residue class of a modulo 
e. Condition (1) of P,^ forces j > i. Let s(A) = {li,l2, ■ ■ ■ ,lw), and let r 



)e the least index such that L 



so that li,l2, . . . ,lr 



i. Then Ig > i for all s < r by Lemma 
(m) = {m: 
for all t by Lemma | 



1 are terms of s{a). Let = (m^rn^^. . . 



Then since A ~ we have mt = It for all t by Lemma h.4\ m partic- 
ular, mj > i for all s < r. Let p denote the partition having e-core 
K and e-quotient . . . , A^^-^, . . ^,.X^ ~^)- Then p G "Pk, and s{p) = 
(li, . . . , TTT-r, . . . , rriuj) by Lemma lo.4r ^In the abacus display of p, rriy is 
the largest occupied position on runner i, so it is less than all the vacant 
positions on runners to the right of runner i by condition (1) of in partic- 
ular, rur < y since y is a vacant position on runner j of A (and j > i), and 
hence of p. Thus, rur is less than r terms of s(r), namely, /i, ^2, • • • , Ir-iiU- 
This implies that p'^p t. □ 

Corollary 5.6. Let k be an e-core partition of Rouquier type. Let X,p(zpK 
with A ~ ^. If I = or I is greater than the size of each constituent of the 
e-quotient of X, then d\ 



Proof. By Theorem 
each r such that A 



JXiJaiitzeii 



IT suffices to prove that = when X ^ p. For 



-1 



where a runs over all 



IT. • .l-i TTinl -^ nff. • 1 

ilflylandlfl'/l 



7% let jr^, = E<x( . - 
partitions such that A r. By Proposition ancf Lemmas I 
d\.^ = for all r such that A ^ r and A 96 r. Furthermore, the condition on 

I implies that we always have i^i{hxa) = 0. Thus Ja^ = YIit 3■r^J■'^^T^JL^ where r 
runs over all partitions such that A — > r and X'^ t. Fix such a r; suppose r 
can be obtained from A by first moving a bead at position x on runner j to 
position X — Ne and then moving a bead at position y — Ne on runner j to 
y, with X < y. Let /Ji (resp. P2) be the partition obtained from A by moving 
the bead at position x (resp. y — Ne) to x — Ne. Then A r if and only if 
a = pi or p2. Furthermore, /^pi + ^rpi and Ixp^ + Itp2 are of different parity. 

□ 



Thus jra = 0. Hence J, 



A/1 



0. 



We need the following results, which are analogous to each other, and 
which we believe are well-known, but we are not able to find an appropriate 
reference in the existing literature. 

Proposition 5.7. Suppose P^] = ©"=1 OjP^' (where (— |) is a composi- 
tion of (divided powers) of r -induction functors), dP^^ = c?^^ for all X, and 
^aiaj — ^ij- Then Pjp I = 0"=]^ aiPf% and d^^^ = d\.^. for all r and all i. 

Proposition 5.8. Suppose P^l = ©"=1 OjP^' (where (— |) is a composi- 
tion of (divided powers) of r -restriction functors), = d^^ for all X, and 
= 6ij. Then Pf[ = ^^^i aiP^\ and d^^. = d\.^. for all r and all i. 
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We provide a proof of Proposition b.YI only: that of Proposition 



entirely analogous. 

Proof of Proposition J^!^ Note that, since and Aji have the same branch- 
ing rule and d^^ = for ah A, we have [P^] : A J] = [P^] : A^] = 

Y17=i^i^Tai ^ Sj"=i ^i^ro-i • We may assume that a-i >j aj implies that 
i < j- We prove by induction on r that o,iPp is a direct summand of 

This is clear for r = 1. Suppose ©[=i Oi-Pp' is a direct summand of 
t, so that 



-1 r—l n 



=1 



for all r. If r > j cr,., then cjj r for all j > r, so that d\.^. = 0, and 
hence we have equality in (*). This shows that if r >j Cr, then P^ is 
not a summand of P^]. Now, [©[r^ a^Pp' : A^"] = flid^^^, = 0, 

while [-Pp t : A^' ] = Or- Thus, UrPf'' is a direct summand of -Pp j. Hence, 
by induction, 0"=i OiPp' is a direct summand of PjpT, and so (*) holds 
when r — 1 is replaced by n, and in fact with equality throughout. Thus 
P^l = 0^^^ aiPp, and = d[^^ for ah r and ah i. □ 

We are now ready to prove Theorem ti.bl 2 1. 



in 



Proof of Theorem l3. b\ 2l. We only need to show the Theorem holds when 
I > maxj(|/i*I) and A has e-core k and e-quotient (A*^, . . . , A*^"^) with Yli=o \^^\ 

Let = \ i<j, j ^« i}\. 

Suppose first that A^^^^ = 0. Then k is of Rouquier type. 

Case 1. /u* = for all f > 1: If A* ^ for some i > 1, then A > ^ so 
that d{^ = = Ca/,. If A' = for ah i > 1, then A ^, so that 



= '^Am = Cxf, by Corohary^ 
Case 2. 11""^% for some a > 1: From the proof of Proposition! 
we can find a t € V* and an integer k such that G{n) occurs exactly 
once as a summand of Fa^kG{T). Furthermore, if G{a) and are 
summands of Fa^kG{T), then a « /3, so that ^ = dai3 by Corollary 
llS-bf We may assume that = d^^ for all a G P by itjdaiction 
hypothesis. Thus, = d^^ for all A € P by Proposition Id. Yl 

Now, suppose A'',; > 0. Then there exists 2 < i < e such that nj_i ^^^^,.^2 
(here, and hereafter in this proof, we keep the notations of Proposition g.y(l . 

3 we have Cr G[^[^)) = G{n). Since A^>if(re) < iV^, we 
may assume that dP.^^^^ = for all cr G P by induction hypothesis. 



Thus = d{^ for all X e V by Proposition lb .81 □ 
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